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We present a numerical study of the pulses displayed by a semiconductor laser with optical
feedback in the short cavity regime, such that the external cavity round trip time is smaller than
the laser relaxation oscillation period. For certain parameters there are occasional pulses, which are
high enough to be considered extreme events. We characterize the bifurcation scenario that gives
rise to such extreme pulses and study the influence of noise. We demonstrate intermittency when
the extreme pulses appear and hysteresis when the attractor that sustains these pulses is destroyed.
We also show that this scenario is robust under the inclusion of noise.
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I. INTRODUCTION
The study of extreme and rare events is a highly ac-
tive and interdisciplinary research field [1–3]. Extreme
events can have catastrophic consequences in fields such
as climatology, population dynamics or economy [4–6]. In
lasers, for example, extreme and rare pulses have been
observed in mode-locked lasers [7] and in semiconduc-
tor lasers with continuous-wave optical injection [8, 9] or
with phase conjugated feedback [10].
We present a numerical study of the intensity pulses
displayed by a semiconductor laser with optical feedback
in the short cavity regime [11–13], such that the external
cavity round trip time is smaller than the laser relaxation
oscillation period. We use as a framework the well-known
Lang-Kobayashi (LK) model [14–16]. Previous numerical
work based on the LK model has found high intensity
pulses in the laser chaotic output, that correspond to
transitions between external cavity modes (ECMs) [12].
We characterize these pulses and show that in specific
parameter regions they are high enough to be considered
extreme events.
In extreme value analysis the definition of an extreme
event is arbitrary as is associated to an event that is
rare and that has an extreme deviation from the aver-
age. Qualitatively, extreme values are those in the tail of
a long-tailed distribution; quantitatively, there are two
main approaches to define extreme values: 1) values that
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exceed (or fall below) a certain threshold are considered
extreme [17], and 2) maxima (or minima) in “blocks” of
the time series are considered extreme [18]. In this work
we use the first criterion and define extreme intensity
pulses as those above a certain threshold. One should
notice that both approaches involve a certain degree of
arbitrariness, either in the selection of the threshold or
in the selection of the length of the block. An example
of the use of the first criterium is in oceanography, where
extreme waves (referred to as freak or rogue waves) are
those whose height is larger than the mean value plus
four to eight times the standard deviation of the height
distribution, or as waves with abnormality index larger
than 2 [17]. An example of the use of the second cri-
terium is in climate data analysis, where extreme values
can be annual, biannual, etc.
Using the point-over-threshold criterium to define ex-
treme intensity pulses, we study how they develop and
how they are affected by noise. We demonstrate that an
abrupt expansion in phase space of an attractor devel-
oped from an ECM creates an expanded attractor that
sustains extreme pulses. For certain parameters this at-
tractor coexists with a smaller attractor that develops
from a different ECM. We identify two phenomena in-
volved in the appearance and in the destruction of the
attractor that sustains extreme pulses: deterministic in-
termittency when the attractor abruptly expands, and
hysteresis when the attractor is destroyed. We also show
that this scenario is robust under the inclusion of noise.
This paper is organized as follows. Section II briefly
describes the model employed, which is the well-known
delay-differential Lang-Kobayashi model [14]. Section III
presents the numerical results; we first focus on determin-
istic simulations and then discuss the influence of noise.
2Section IV presents a summary of the results and the
conclusions.
II. MODEL
The rate equations for the complex optical field, E,
and the excess carrier number, N , are [14]
dE/ds = (1 + iα)NE(s) + ηe−iwθE(s− θ) + βξ(1)
TdN/ds = J −N − (1 + 2N)|E(s)|2 (2)
In these equations the dimensionless time, s, and the
delay time, θ, are in units of photon lifetime τp: s = t/τp,
θ = τ/τp. The parameters are: T = τn/τp where τn is the
carrier lifetime, the feedback rate is η, the feedback phase
is wθ, the pump current parameter is J and the line width
enhancement factor is α. Spontaneous emission noise is
taken into account by a complex additive Gaussian white
noise, ξ, and the noise strength is β.
The time-delayed feedback renders the system multi-
stable and the model has several fixed-point solutions,
usually referred to as external cavity modes (ECMs), that
can be calculated from
∆φs = −ηθ
√
1 + α2 sin(∆φs + wθ + arctan(α)) (3)
E2
0s =
J −Ns
1 + 2Ns
(4)
Ns = −η cos(∆φs + wθ) (5)
where ∆φs, E0s and Ns are the steady state values
of the phase difference, field amplitude and carrier num-
ber. The number of ECMs increases with the feedback
strength and their stability depends on the model param-
eters.
As η increases new ECMs appear in pairs after saddle-
node bifurcations. The initially stable ECMs leads a
chaotic attractor after a series of bifurcations. With fur-
ther increase of the feedback the chaotic attractors ex-
pand and eventually merge with previously existing at-
tactors forming either an attractor ruin or a stable at-
tractor [19–21]. In the first case the chaotic dynamics
is a transient after which the trajectory finds a stable
ECM; in the second case the attractor merging process
results in a single stable attractor that can either coexist
with a stable ECM, or it can be the only stable attractor
(this occurs when there are no stable ECMs). When the
chaotic dynamics is transient, it has been shown that the
average duration of the transient increases several orders
of magnitude for each unit we increase the value of the α
parameter [22, 23]. Here we use the same parameters as
in Ref. [12], and the value of α is high enough to guaran-
tee that the duration of the chaotic transient (if any) is
in practice infinite.
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Figure 1: (Color online) Bifurcation diagram when the feed-
back strength, η, increases (a) and then decreases (b). The
pulse amplitude is plotted vs η, the horizontal solid line (red
online) determines the threshold for a pulse to be considered
an extreme event (equal to 5 times the standard deviation over
the mean value). The color gray code (brown-green online)
in logarithmic scale indicates the number of pulses. Darker
colors (brown online) indicate high-probable pulse amplitudes
while lighter colors (green online), less probable amplitudes.
The labels 1, 2 and 3 indicate the transitions discussed in the
text. β = 0, other parameters as indicated in the text.
III. RESULTS
We chose parameters similar to those in Ref. [12],
where the bifurcations of the ECMs were studied in de-
tail: T = 1710, J = 1.155, α = 5 and θ = 70. In
the simulations the feedback strength, the feedback phase
and the noise strength are taken as control parameters.
The equations are integrated with a second-order Runge-
Kutta method with integration step ds = 0.01. The ini-
tial conditions are such that the complex field and carrier
number are close to zero. In the following we present first
the results of deterministic simulations and then we dis-
cuss the influence of noise.
A. Deterministic simulations
When the feedback strength varies the laser intensity
displays a complicated sequence of bifurcations. In Fig. 1
we plot the amplitude of the intensity pulses and the color
code indicates in logarithmic scale the number of pulses,
for increasing [Fig. 1 (a)] and for decreasing [Fig. 1 (b)]
feedback. The bifurcation scenario is as discussed in [12],
and a similar one has been observed with opto-electronic
feedback [24]. When the feedback increases, if η < 0.064
the intensity pulses are relatively small (below 4); how-
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Figure 2: (Color online) Distribution of pulse amplitudes for
η = 0.064 (a) and η = 0.064095 (b), before and after respec-
tively the attractor expansion (transition 1). The vertical line
indicates the threshold over which extreme pulses are defined,
which is equal to the mean value pulse height plus five times
the standard deviation of the pulse height distribution.
ever, slightly above this feedback level a sudden abrupt
expansion of the pulse amplitude occurs reaching ampli-
tudes higher than 10, without a clear maximum. This
abrupt change occurs at η ∼ 0.064 and will be referred
to as transition 1. By further increasing the feedback
strength different dynamical regimes including periodic
windows, chaos, and regular pulse packages (RPPs) oc-
cur [11–13].
At transition 1 the number of pulses (in color code) re-
veals that the pulse amplitudes are highly heterogeneous.
There is a more densely visited range at low amplitudes
that is similar before and after the expansion while large
amplitude pulses occur only sporadically.
The distribution of pulse amplitudes, presented in
Fig. 2, has a long-tail after the expansion [Fig. 2(b)]
(which reveals the existence of extreme values), and a
well-defined cut off before the expansion [Fig. 2(a)].
In order to characterize the extreme pulses, they will be
defined quantitatively as those whose amplitude is larger
than the mean value plus five times the standard devia-
tion, σ, of the pulse amplitude distribution (the thresh-
old is indicated with a red line in Figs. 1 and 2). As
discussed in the Introduction, the criterion for defining
quantitatively extreme pulses is quite arbitrary; however,
the parameter region where extreme pulses are observed
does not significantly change when the threshold is varied
within the range of 5 − 8σ. We use 5σ as a compromise
solution to have good statistics without having to per-
form extremely long simulations (to observe a significant
number of extreme pulses defined with a higher threshold
would require much longer simulations).
Immediately after the expansion of the attractor (tran-
sition 1) deterministic intermittency occurs as shown in
Fig. 3, where alternating intervals of high and regular
intensity pulses are seen; during the intervals where the
laser displays high pulses, only a few of these pulses are
extreme, i.e., cross the threshold represented by the hor-
izontal line.
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Figure 3: Deterministic intermittency after transition 1 (β =
0). η = 0.064095 (a), η = 0.06412 (b) and η = 0.0642 (c).
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Figure 4: Intensity time series where an extreme pulse is ob-
served (a). Panels (b) and (c) display the phase portrait
[Φ(s) − Φ(s − θ)], P ], and [Φ(s) − Φ(s − θ), N ]. η = 0.066,
other parameters as in Fig. 1.
A detail of an extreme pulse is shown in Fig. 4(a),
and the projections of the trajectory in the planes (In-
tensity, Phase delay) and (Carrier excess, Phase delay)
are shown in Figs. 4(b) and Fig. 4(c) respectively. Fig-
ure 4(c) also displays the position of the ECMs. As can
be seen in this figure, high pulses occur when the trajec-
tory reaches large positive phase delays, ∆φs, while the
regular-amplitude pulses do not approach that region of
the phase space.
An abrupt expansion of pulse amplitudes similar to the
one observed in transition 1 was reported in a semicon-
ductor laser with cw optical injection [25]. In [25] the
attractor expansion was interpreted as due to the cross-
ing of the attractor with a stable 2D manifold of a saddle
point and the subsequent convergence towards a small re-
gion of the phase space (that the authors called a “narrow
door”) that triggers the extreme intensity pulses. Here,
Figs. 5(a) and 6(a) show that there is a similar conver-
gence of the trajectories towards a “narrow door” before
extreme intensity pulses occur.
Figure 5(a) was done by performing one long simula-
tion of the noise-less rate equations, selecting the pulses
that are above a certain amplitude threshold (in this case
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Figure 5: (Color online) Superposition of extreme pulses, such
that the time traces are centered at the peak of the pulse (see
text for details). The feedback strength is η = 0.066, and
other parameters are as indicated in the text. The threshold
for defining extreme pulses, indicated with an horizontal line
(red online), is equal to 10 in (a) and is equal to 6 in (b). In
both panels the number of pulses is 52.
equal to 10) and superposing sections of the intensity
time-trace that contain the extreme pulse. Each section
covers a time interval of 60 ns and the superposition is
done by centering each section at the peak of the extreme
pulse. One can observe that the superposition generates
a narrow curve well before and after the extreme pulse
occurs. This narrow curve is also observed in Fig. 6(a)
that displays the superposition of sections of the trajec-
tory (before and after the extreme pulse occurs) in the
two-dimensional plane (phase delay, carrier density). On
the contrary, in Figs. 5(b) and 6(b), which are done
in the same way as Figs. 5(a) and 6(a) but with a lower
threshold (now equal to 6), the superposition of sections
of the intensity time-trace containing a pulse above the
threshold [Fig. 5(b)] and the superposition of the cor-
responding sections of the trajectory [Fig. 6(b)] is con-
siderable more disperse and does not generate a narrow
curve.
These plots support a qualitative comparison of the
behavior with feedback and with injection and, despite
the differences in both systems, suggests that extreme
intensity pulses in the optical feedback case could occur
through a similar mechanism as in the optical injection
case. However, the feedback time delay renders the phase
space infinite dimensional and thus, the topological anal-
ysis of the trajectories in phase space is difficult.
With strong feedback the attractor suddenly disap-
pears (at η ∼ 0.073, see Fig. 1 (a)) and the intensity
becomes oscillatory with constant small amplitude. We
will refer to this second abrupt change as transition 2.
At this transition no sign of intermittency was observed.
As shown in Fig. 7, before the attractor is destroyed the
dynamics is periodic and corresponds to regular pulse
packages, which are well below the threshold of extreme
pulses.
The new attractor is now followed by decreasing the
feedback strength, and its bifurcations are shown in Fig. 1
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Figure 6: Phase portrait [Φ(s) − Φ(s − θ), N ] displaying the
superposition of the sections of the trajectory that contain
the 52 pulses shown in Fig. 5. In panel (a) the amplitude
threshold is equal to 10, while in panel (b), is equal to 6.
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Figure 7: Time series of the laser intensity just before transi-
tion 2 (η = 0.073), displaying regular pulse packages (RPPs).
The horizontal line indicates the threshold for extreme pulses.
(b). The attractor described previously (referred to as
attractor 1) coexists with this new attractor (referred to
as attractor 2) in a wide range of feedback strengths, as
could be expected for a dissipative system. The periodic
intensity undergoes a Hopf bifurcation after which the
cw regime is reached. Then, the trajectory remains in
this steady state (corresponding to a stable ECM) un-
til the ECM disappears after a saddle-node bifurcation
occurring at η ∼ 0.066. At this point, in the following
referred to as transition 3, the trajectory evolves back
to attractor 1, that sustains occasional extreme pulses,
thus closing a hysteresis cycle. It seems that attractor 1
is not affected by the appearance/dissapearance (for in-
creasing/decreasing η) of the ECM. This can be due the
fact that attractor 1 and the ECM are well separated in
the phase space, because attractor 1 originates from a
different ECM.
Once the trajectory is back in attractor 1, if we con-
tinue decreasing the feedback strength the bifurcation
scenario is the same as that observed when we increased
the feedback [compare Fig. 1 (b) after transition 3 with
Fig. 1 (a)], i. e. no hysteresis is observed at transition 1.
The bifurcation scenario described for varying feed-
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Figure 8: Bifurcation diagram when increasing (a) and de-
creasing (b) the feedback phase. η = 0.0642, other parameters
as is Fig. 1.
back strength is also observed when varying the feedback
phase. In Fig. 8 we observe three similar transitions when
increasing and decreasing wθ.
B. Influence of spontaneous emission noise
One could expect that random fluctuations, unavoid-
able in lasers, could induce switchings between the coe-
xisting attractors previously discussed. In order to ex-
plore the effect of noise we did the bifurcation diagrams
shown in Fig. 1 sweeping the feedback strength upwards
and downwards, but now including additive noise in the
simulations. In Fig. 9 we show in detail the three tran-
sitions with and without noise. Before transition 1 noise
leads to occasional extreme intensity pulses (Fig. 9 (a)-
(c)). These noise-induced pulses are due to large ex-
cursions in the phase space, after which the trajectory
relaxes back to the attractor.
The effect of noise observed at transitions 2 and 3 is
the one expected when two attractors coexist: in Fig. 9
(d)-(f) (the feedback increases) one can notice that noise
anticipates the transition to attractor 2, because transi-
tion 2 occurs at a smaller value of η. In Fig. 9 (g)-(i),
we see that transition 3 (the feedback decreases) is also
anticipated, i.e., occurs at a higher η value.
IV. CONCLUSION AND DISCUSSION
To summarize, we studied numerically the dynamics
of a semiconductor laser with optical feedback from a
short external cavity and demonstrated the existence of
parameter regions where the laser intensity displays ex-
treme pulses. We identified three relevant transitions in-
volved in the appearance of the extreme pulses. Tran-
sition 1 and transition 2 are related to the appearance
and destruction of the attractor that sustains extreme
pulses. This attractor coexist with another smaller one
in a broad range of feedback strengths (from transition 2
to transition 3) which defines a hysteresis cycle. We also
demonstrated that noise does not modify this scenario
but only anticipates the different transitions.
While our results are fully consistent with the findings
of Ref. [12], where the sequence of bifurcations leading
to regular pulses packages (RPPs) was studied in detail,
our simulations suggest that RPPs and extreme pulses
are different dynamical behaviors and occurs in different
parameter ranges. This is because the RPPs have a well
defined periodicity and pulse amplitudes that are not ex-
treme [Fig. 7], and also, because even when strong noise
is included in the simulations, RPPs are robust and no
extreme pulses are observed for parameters correspond-
ing to RPP dynamics [Fig. 9(f)]. On the contrary, strong
noise is capable of inducing extreme pulses for parame-
ters before transition 1 (at transition 1 extreme pulses
appear in the noiseless simulations) [Fig. 9(c)].
Since diode lasers with integrated short external cav-
ities are nowadays widely used in many applications
that require single-frequency, compact and efficient light
sources, our results can help avoiding extreme intensity
pulses in these devices, that might originate due to un-
controlled small variations of the feedback parameters.
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